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Abstract 

We show that there is a series of topological string theories whose integrable 
structure is described by the Toda lattice hierarchy. The monodromy group of 
the Probenius manifold for the matter sector is an extension of the affine Weyl 
group W{A^^) introduced by Dubrovin. These models are generalizations of the 
topological CP^ string theory with scaling violation. The logarithmic Hamiltonians 
generate flows for the puncture operator and its descendants. We derive the string 
equation from the constraints on the Lax and the Orlov operators. The constraints 
are of different type from those for the c = 1 string theory. Higher genus expansion 
is obtained by considering the Lax operator in matrix form. 





1 Introduction 


Integrable structure of topological string theories has attracted much attention in recent 
years i i- Topological string theory is a kind of two dimensional cohomological held 
theory with topological matter coupled to topological gravity. As a cohomological held 
theory, topological string theory gives topological correlation functions among BRST co¬ 
homology classes. A generating function of these correlation functions is the free energy 
of the theory (the logarithm of the partition function). The integrability of topological 
string theory means that the partition function is a tau function of some integrable hi¬ 
erarchy. Furthermore, the partition function is uniquely characterized in terms of the 
so-called string equation. One of the motivations for investigating such a integrability of 
topological string theory is that the non-critical string theory has several common alge¬ 
braic structures with topological string theory. Indeed, any string theory has more or less 
characteristic properties as topological field theory. 

An important class of topological matter theory is topological conformal matter which 
can be obtained by twisting any N = 2 super conformal model. Taking the minimal N = 2 
super conformal model of ADE type, which allows the Landau-Ginzburg description, one 
can construct topological string theory whose integrable structure is identified as the gen¬ 
eralized KdV hierarchy, or the Drinfeld-Sokolov hierarchy of ADE type 0. Topological 
matter theory usualy has a hnite number of physical operators, called (chiral) primary 
fields. After coupling to topological gravity, an infinite series of gravitational descen¬ 
dants appears for each primary held. These descendants correspond to inhnite number of 
commuting Hamiltonians of integrable hierarchy. 

Recently it has been shown that there exist physically more interesting topological 
strings which are integrable. The c = 1 string theory is an important example ^ ||^. It is 
originally dehned as a non-critical string theory and has physical scattering process among 
tachyons. Therefore, it is an astonishing fact that the c = 1 string theory is topological 
0 0 0 0 integrable |^. Another example is the topological CP^ model 
in H • This is also quite intersting, since it opens a possibility of investigating quantum 
geometry of the target space, such as quantum cohomology ring, from the view point of 
integrable systems. The Toda lattice hierarchy is the integrable structure behind both 
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examples. In this paper we will show that there is a series of topological string theories 
whose integrable structure is described by the Toda lattice hierarchy. The difference of 
the models comes from the constraints imposed on the Lax operators, or in other words, 
the string equation. In [^, |]T|, it is shown that the string equation of the c = 1 string 


theory is given by the constraints; 


-1 


C = M C , C = ML 


’-1 


( 1 . 1 ) 


on the Lax operators £, £ and the Orlov operators M,M of the (dispersionless) Toda 
lattice hierarchy. (For the dehnition of these objects, see section 4.) It has been established 
that the constraints ( [I.ID imply the hFi+oo constraints of the c = 1 theory which uniquely 
determine all the tachyon correlation functions at the self-dual radius 0,0], 0- The 
string equation in full genus is discussed in |0. Quite recently the string equation of the 


deformed c = 1 string in the black hole background is also formulated in the framework 
of the Toda lattice hierarchy 0. 


Topological string theories we will consider in this paper have a different type of the 
constriants; 

rN _ 

— =£■', MC-'^ = -MC, (Af=l,2...-). (1.2) 

We note that similar constraints have been considered by Takasaki in connection with 
the topological strings of D type |2^. Contrary to the constraint of the hrst type which 
allows inhnitely many primary helds, the second type is quite restrictive on the number of 
the primaries which survive. After imposing the constraints ( |1.2| ), we have only (A^ -|- 1) 
primary helds. The case N = 1 corresponds to the topological CP^ model. Hence 
we have a series of topological string theories {N > 2) which generalize it. One of 
remarkable features in this type of topological string theory is that the hows for the 
puncture operator and its descendants are generated by the logarithmic Hamiltonians, 
which was hrst observed in [Q. The standard Hamiltonians in the Toda lattice hierarchy 


are of polynomial type. The logarithmic Hamiltonians involve the logarithm of the Lax 
operator. Such logarithmic Hamiltonians are well-dehned only after the constrains of type 
( p..2D are imposed. Thus, they are peculiar to our models with the constraints (|1.2|). 

In , it is shown that the constraints (|1.1|) arise quite naturally from the two matrix 
model without continuum limit. We easily see that the constraints (|1.2|) for N = 1 reduces 
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the two matrix model to the one matrix model |]^. Though we believe that there is an 
appropriate matrix model realization for N >2, we have not found it at present. 

In the following we will be mainly concerned with an example with three primaries for 
simplicity. The primary helds are the puncture operator P, one marginal operator R and 
one relevent operator Q. (In general models, we will have several relevant operators but 
only one marginal operator.) Our model looks like a kind of “fusion” of the topological 
minimal model and the topological CP^ model. The marginal operator comes from the 
CP^ sector, while the relevant operator is similar to that of topological model. Like the 
topological CP^ model, matter sector of our model does not have conformal invariance, 
or its “effective” hrst Chern class is non-vanishing. In fact the topological correlation 
functions have terms which may be interpreted as the instanton corrections, though their 
geometrical meaning is somewhat obscure. 

The present paper is organized as follows. In the next section we take a topological 
matter theory hrst introduced by Dubrovin from his viewpoint of the Frobenius manifold 
and compute topological correlation functions using the topological recursion relation 
at tree level. The Lax formalism which implies all the result of tree level correlation 
functions is introduced in section 3. As we have seen in the topological CP^ model, the 
hows corresponding to the descendants of the puncture operator are generated by the 
Hamiltonians including the logarithm of the Lax operator. In section 4, the integrable 
structure behind this Lax formalism is shown to be the Toda lattice hierarchy with a 
special constraint on the Lax operators. We will derive the string equation of the theory 
from the constraints on the Lax and the Orlov operators. This approach is similar to the 
one we have used for the c = 1 string theory. Section 5 is devoted to the higher genus 
structure. We will examine the genus expansion by using the Lax operator in matrix 
form. 
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2 Tree Level Correlation Functions 


The topological string theory we will consider throughout the present paper is constructed 
from a topological matter introduced by Dubrovin. (See Exercise 4.3 and Example 5.5 in 
0) Before coupling to gravity the tree level free energy takes the form; 

F{t) = + t2e^^ . ( 2 . 1 ) 

This model was discovered by considering the monodromy of the Frobenius manifold asso¬ 
ciated with topological matter. The monodromy of ( p.l|) is an extention of the affine Weyl 
group W (^ 2 ^^). We can also hnd this model in the classification program of iV = 2 theories 
by Ceccoti and Vafa [^. It is among three primary model^. The topological matter with 
the monodromy gives the same topological string theory as the topological CP^ 

model. There are a series of topological matter theories with the monodromy 
which generalizes the topological CP^ model. (Another more geometrical generalization 
is, of course, the topological CP"^ model, or the topological Grassmannian model. But 
their integrable structure is still an open problem.) The free energy has an important 
property of generalized homogeneity; 


(3 - CE)F{t) = F{t) , 


( 2 . 2 ) 


where the Euler vector held E is given by 


d I d 2, d 


(2.3) 


We see that the dimension of this model is one. The parameter is a marginal one. The 
coefficient 3/2 of d/dt^ can be regarded as the “effective” hrst Chern class in counting 
the ghost number anomaly. 

The primary couplings ti{i = 1, 2, 3) are chosen to be hat coordinates. Let us introduce 
the primary operators P,Q,R conjugate to these couplings. Accordingly we will change 
the notation as to,p = = GGo.p = G- Then the basic two point functions, or the 

order parameters are 


(PP) = u{t) = to.p, {PQ) = v{t) = to,Q, {PR) = w{t) = to,p. (2.4) 

^We thank S.-K. Yang for pointing it out. 
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On the small phase space the order parameters take the simple form; u(t) = to^R,v(t) = 
to,Q, w(t) = to,p- After coupling to topological gravity, they do not have such simple forms 
any more. However, the topological recursion relation to be introduced shortly guarantees 
that any topological correlation functions are expressed in terms of these order parameters. 
That is, the dependence on the descendant couplings is only through the dependence of 
u{t),v(t),w(t). In 1^, such relations for two point functions; 


{AB){t) = RAB{u{t),v{t),w{t)) 


(2.5) 


are treated as the constitutive relations of the theory. Other primary two point functions, 
which are the hrst examples of the constitutive relations, are 

1 


(QQ) =w- (QR) = e“, (RR) = neA 

Topological correlation functions imply the following primary flow equations; 


( 2 . 6 ) 


du 

du 


= V 


= w 


dv 


2 \' 


dw 


l'0,Q 

dv 


dt\ 


0,Q 


= (e“)' , 


= (e“)' , 


dw 


= (ne“)' 


(2.7) 


dR^R dto^R dto^R 

We will identify the primary held P as the puncture operator, which implies an identih- 
cation of fo,p as the space variable x. The prime denotes the derivative with respect to 
to,p = X. As a consequence of the primary hows we recognize the dispersionless limit of 
the 2D Toda lattice equation; 

d'^u d^ 

. ( 2 . 8 ) 

dto^qdtoR dx 

After coupling to topological gravity, there appear hierarchies of the gravitational 
descendants in the non-trivial BRST cohomologies. For each primary its n-th de¬ 
scendant is denoted by an{^a), (^^ = 0,1, • • ■). Using the topological recursion relation 
at genus zero, 

(aMXY) = , (2.9) 

we can compute the topological corration functions including the descendants. The metric 
is 7]^^ = = 1. As was shown by Dijkgraaf and Witten [13 , the topological recursion 
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relation at genus zero is deeply connected to the integrable hierarchy in the dispersion¬ 
less limit. We can also see this crucial relation from the viewpoint of the Gauss-Manin 
connection 

Topological correlation functions for the hrst descendants are; 

(cri(P)P) = uw+l-v'^ , (cri(Q)P) = vw-\v^+e^ , (ai(P)P) = . (2.10) 

{ai{P)Q) = {u-l)e''+vw-^v^ , (c^i(Q)<5) = ve'^+\w‘^~wv‘^+^v'^, {ai{R)Q) = we^ . 

( 2 . 11 ) 

(cri(P)P) = uve'^ +-w"^ , {ai{Q)R) = {w +-v'^)e^ , {ai{R)R) = -|--e^“ . 

( 2 . 12 ) 

To obtain the above result we have integrated once with respect to to,p assuming the 
absence of the integration constants. It is clear that we can continue this procedure of 
obtaining the constitutive relations recursively on the degree of the descendants. The 
results on the second descendants, for example, are; 


p3 2d 25 


(ct 2 (P)P) = uw'^ + wv'^ --|-2n(M — l)e“ , 

6 

((T 2 (P)Q) = {2w{u-l)+v‘^)e'"+ vw‘^ +-‘^v^w , 

15 6 

(cr 2 (P)P) = + {2uvw + ^v^)e'^ + {u - . (2.13) 

O O Zi 


(^2(Q)P) 

MQ)Q) 

MQ)R) 


= -w^ + 2vwe^ + , 

3 2 

= w‘^ve^ + {w + n^)e^“ . 


vw"^ — -v^w + —n® -I- {2w -I- n^)e“ , 

3 20 

1^3 _ 1 2^2 ^ 1 _ 1 ^6 ^ ^2vw - ^n3)e“ + 6^“ , 

o ^ ^ o 


(tc^ -f v'^w — —n"^)e“ -I- 2ne^“ 


(2.14) 


(^2(P)P) 

MR)Q) 

MR)R) 


6 


(2.15) 












3 Lax Formalism 


Topological correlation functions are translated into the flow equations for u(t),v(t) and 
w(t). Let tn,p,tn,Q,tn,R be the coupling parameters to an(P), crn(Q), crn(R), respectively. 
Then the ti^p flow equations are 


du 

dti,p 


{uw+-v ‘^)', 


dv 

dti^P 


{{u—l)e^+vw 



dw 

dti,p 


{uve^+-w^) . 


(3.1) 


Similarly the t 2 ,p flows read 
du 


= (uw"^ + wv^ -+ 2v{u — l)e^)' , 

(7t2,p 6 

dv 


<9^2,p 
dw 


dt 


2,P 


{2w{u — l)e“ + — ‘^v^w 

-LO O 

+ {2uvw + \v^)e^ + {u - 

O O A . 


(3.2) 


We can write down the fn,Q and the tn,R flow equations in the same manner. 

Let us establish the Lax formalism for the above flow equations. Our choice of the 
Lax operator is, 

L = + vp + w + . (3.3) 

This Lax operator is suggested by the Landau-Ginzburg potential proposed by Dubrovin. 
We employ the following Poisson bracket; 


A{p,x),B{p,x)^ = p(^ 


fdAdB dBdA 


dp dx dp dx J ^ ^ 

Given a Hamiltonian or a flow generator H{p, x), the flow equation for u{x, t),v{x, t) and 
w{x,t) is defined by 


dL 

'dt 


{H,L} . 


(3.5) 


It is natural to try (L’^)+ first as flow generators. (■)+ means the non-negative power part. 
One can easily see that 


dL 

dtn—l,R 


{{L-)+,L}, (n = l,2,---) , 


(3.6) 


coincides with the flow equations derived from the topological correlation functions. From 
the degree counting we expect that the to,Q flow is generated by the square root of the 
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Lax operator; 


= 


_ p + v + {w - )p~^ + (e“ — vw ^ — v^)p~‘^ + ■ ■ ■ 

\/2 L 2 2 . 


(3.7) 


Indeed the odd powers of it correspond to the tn-i,Q hows. We have checked explicitly; 

1 dL 


V2dt„,Q 

3 ?L . 


(3.8) 


2^2 9^1 

From an examination of lower flow equations we conclude that the correct normalization 
of the Hamiltonians is 


(L^ 


3 / 1 {2n)\\ d .W2n-i)/23 MV’' i(2n-_l)!!_5 


(n-1)! dtn-i^Q ■ 
(3.9) 

Now let us turn to the problem of the descendant flows of the puncture operator. 
Motivated by the result of the CP^ model [H, we will look at the logarithmic Hamilto¬ 
nians. To dehne an expansion of log L in p, we use the following prescription to avoid an 
appearence of log p; 


log L = - log (1 -I- 2vp ^ -I- 2wp ^ -I- 2e“p ^) 

o 

2 1 1 
+ 3 log -^{e^ + wp + M + 2 ^^) • 


For example, 

^31ogL^ = 2vp~^ -I- 2{w — v^)p~‘^ + 2(e“ -|- — 2vw)p~^ + ■ ■ ■ 


(3.10) 


(3.11) 


Contrary to logL has an inhnite series expansion in both directions of the positive 
and the negative powers. It is not appropriate to take a product with or log L, 

which is also an inhnite series. Hence the next possible generator is 

2 

^ 3 ^ -1 


^3LlogL^ = (2m — log2)e“p M (e“ -|- 2vw — -v^)p 











We have found that the flow equations ( p.l|) and ( |3.2|) for the descendants of the puncture 
operator are recovered from 



Thus we have arrived at the following identihcation; 



(3.14) 


where the constants c„ are determined recursively by the relation c„ — c„_i = 1/n with 
the initial condition cq = —(log2)/3. As a consequence of this recursion relation, we have 
a scaling relation; 



(3.15) 


which is crucial in deriving the string equation. Finally we observe the relations 



(3.16) 


where (■)o means the degree zero part. These relations support the validity of the Landau- 


Ginzburg formalism with log p as the Landau-Ginzburg variable. 

4 Constraints and String Equation 

The Lax formalism in section 3 is a special reduction of the Toda lattice hierarchy. We 
can reproduce the flow equations from the Toda lattice hierarchy by imposing constraints 
on the Lax operators and the associated Orlov operators. We should remark, however, 
that the flows corresponding to the descendants of the puncture operator are absent in 
the standard formulation of the Toda lattice hierarchy. We will show that the constraints 
imply the string equation. Though the type of the constraints is rather different from the 
c = 1 string theory, the method to derive the string equation is quite similar to it. 
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Let us first recall basic ingredients of the (dispersionless) Toda lattice hierarchy . 
We consider two Lax operators £, L with the following expansion; 


oo 

L~ = Mo(^, i, x)p~^ + Un+i{t, i, x)p^ . 

The commuting flows are dehned by 


(4.1) 


n=0 


dC 1 

[HuX] 

dC I 

f— 

dtn 1 



dC 1 


I I 

f— 

Wn ^ \ 





where the Hamiltonians are 

= (£”)+ , Hn = (T 


(4.2) 


(4.3) 


X = (X)+ + (X)_ is a decomposition into the non-negative and the negative power parts. 
The Poisson bracket {•, ■} has been introduced in section 3. It is convenient to consider 
the Orlov operators 


M = + X+ '^Vn(t,t,x)C , 

n=l n=l 

oo oo 

M = —'^ntnC"' + X + '^Vn{t,i,x)C^. 
These operators satisfy 


n=l 


n=l 


(4.4) 


= £, = C. (4.5) 

In fact the above relations together with the following flow equations are the dehning 
relations of the Orlov opeartors; 
dM 


dM 

dU. 



dM 1 

f— 1 

an H 


f _1 

dM 1 

f -) 


' 1 

ho 

; ^ 

[Hn.M)^ 


(4.6) 


Now it is clear that the Lax operator L introduced in section 3 is obtained by imposing 
the following constraint, 

L = = C-' . (4.7) 


10 







As a consequence of this constraint we can eliminate the time variables by the identi- 
hcation; 

^ = - 2%, . (4.8) 

According to the method of the Riemann-Hilbert problem |^, we should also impose the 
constraint for the conjugate operators; 

-Vl = MC-^ = -MZ. (4.9) 


It is the second constraint which leads to the string equation. But before proceeding to 
see it, we have to consider a modihcation of M. due to additional flows. As we have seen 
in section 3, to incorporate the descendants of the puncture operator, it is necessary to 
introduce the flows generated by 


= L"(logL 


(4.10) 


The Hamiltonians can be properly dehned only after imposing the constraint (|4.7|) , 
since our prescription to dehne log L requires that the series expansion of L is hnite in 
both the positive and the negative directions. Let be the time variables for Kn- The 
Orlov operator is deformed by these new flows, because it should satisfy; 

dM 


dSr. 


= <Kn,M 


(4,11) 


The expression of the modihed Orlov operator is easily obtained by recalling how the 
dehning relations (|4.5|) and (|4.6|) imply the expansion (^4.4|) . The original Orlov operator 
can be reexpressed as 

M = W{x + Y.ntnP'")W-\ (4.12) 


if one introduces a similarity transformation dehned by 


C = WpW-^ . 


(4.13) 


(We have used a poor notation for the similarity transformation. It should be understood 
as the canonical transformation generated by 0 with W = e'^. For a mathematically more 
precise dehnition, see [^.) Using the how equation for W; 


dW 

dtn 


HnW - fUp" , 


(4.14) 
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one can check the dehning relations are indeed satished. (We neglect tn flows, since they 
have been eliminated by the constraint.) Deflning the coefficient functions {un} by 

OO 


WxW-'^ = 


(4.15) 


n=l 


we get the expansion ([4.41 ). Now the Sn flows for W are given by 

dW 


^ = KJV-W 

uSrt. 


:^)-(iog^ - c„) 


(4.16) 


We see that 


M' = w(a; + ^n^„p" + ^ns„^(log^-c„_l))w-^ (4.17) 

^ n n ^ ^ ^ 

satisfies the additional flow equations. Here we have used the scaling property (^.151) . 
Hence we obtain the following expansion of the modified Orlov operator 


M! = a; + + ^2nSnL"(log L - c„_i) + . (4.18) 

n n n 

Let us return to a derivation of the string equation. The second constraint allows us 
to express the conjugate operator in a linear combination of the Hamiltonians. To see 
it, it is convenient to consider the non-negative power part and the negative power part 
separately. Since {n > 1) does not have any positive power part and (n > 1) does 
not have any negative power part, we have 


{Vl)+ = = - ^ ntnHn-2 - E , 

n >3 n>l 

{Vl)- = (M£). = -J2 ntjin-i . (4.19) 

n >2 

Hence Vl is expressed as 


Vl — 2 E 2nf2nL72n-2 + E(^^ 4" l)^2n-|-l-f^2n-l + E • 


(4.20) 


n>2 


n>l 


n>l 


We have used the first constraint to eliminate tn and Hn-i- Combined with the canonical 
commutation relation {Vl, L} = (|4.20|) implies. 


dLy^ dL ^ dL 

2 / , 2?T.f2nlW T / , [2,12 l)f2n-|-llW T / , 'USji'tt 
(Jt2n-2 n>l Ot2n-l n>l 


= - 1 


(4.21) 


n>2 
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After an appropriate identification of the flow pamameters as the conpling parameters 
and the shift si —^ si — 1 of the dilaton conpling, we obtain the string eqnation, or the 
pnnctnre eqnation; 


^ ^ dL ^ dL ^ dL 

1 + ^ ntn,R-^ h ^ ntn,Q-^ h ^ ntn,p-^ 

„>1 Otn-l,R n>l Cltn-1,Q ^>1 C>tn-l,P 


dL 


dt 


0,P 


(4.22) 


It is easy to generalize the above argnment to the model with the constraint 

rN _ 

L ^ — = C\ (iV = 3,4,---). 


(4.23) 


The Lax operator takes the form 

L = + vn-iP^~^ H-h no + . (4.24) 

Since the Lax operator has a hnite expansion in both directions, we can dehne an expan¬ 
sion of log L in a similar way to the case N = 2. The string eqnation will follow from the 
associated constraint; 

Vl = MC-^ = -MZ. (4.25) 


5 Higher Genus Expansion 


To obtain the genus expansion of the flow eqations, we promote the dispersionless Lax 
operator into the N x N matrix Lax operator; 


Q — En,n+1 + ''^''^0-n{^)En,n-e , (5T) 

n n />o 

Q ^ ) E^^n+2 T ^ ) '''/^'^nEn,n+l T ^ ) ^nEn,n T ^ ) n-EnEn,n—l ) (^•^) 

n n n n W ^ 


where Ei^j stands for the matrix unit. The degree of Eij is dehned to be {j — i). That 
is, the positive degree part is the upper triangular part of the matrix. The reason we add 
the tilde on Vn will become clear shortly. Though we will not introduce an explicit matrix 
model realization, we believe the matrix Lax operator Q would arise from an appropriate 


multi-matrix model developed, for example, in p8 
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The commuting flows are deflned by 


n dQ 

N dtn_i Ji 

1/1 1)!! dQ 

N\^/2) (n-1)! dtn-i,Q 

2 dQ 
3N dtn,p 


{Q"1+,Q\ , 

(g2"(iog g2-cg)^,g 


(5.3) 

(5.4) 

(5.5) 


where [•, •] is the commutator of the matrices. The form of the flow equations is con¬ 
formable to the genus expansion only when we make a good choice of (independent) 
dynamical variables. Since it is the free energy of the theory that should be expanded 
in genus by genus, two point functions are “good” variables. From the residue formula 
( fj.lfjj ) in section 3 the diagonal matrix elements are identified with two point functions 
in full genus expansion. Thus we take Wn as one of the variables, but not Instead 
we can choose a„(0) as the second variable. Therefore, in the following we will use a 
notation = a„(0). coincides with in the dispersionless limit. As the last variable, 
motivated by the matrix model method, we take with Rn = exp — 0n_i). The 
functions log (pn correspond to the weight functions for the orthogonal polynomials in the 
matrix model. 

The genus expansion can be obtained in the following way. We first write down the flow 
equations for the matrix elements. Then we make a Taylor expansion of Wn+k,Vn+e and 
Rn+m around Wn, Vn and i?„, respectively, with an identification x = n/N. The continuum 
limit is deflned to be the limit where the matrix size N goes to the infinity. We thus obtain 
the flow equations in terms of differential polynomials in Wn,Vn and 0^. (As before the 
prime denotes the derivative with respect to x.) The order of N~^ practically counts the 
number of the derivatives. Regarding N~^ as an expansion parameter or the cosmological 
constant, we can see the higher genus structure of the flow equations. 

Let us illustrate the above procedure for the tn, r-Hows. The primary flow equations 
in terms of the matrix elements are 


dct)n 

1 dVn 

N 


•) 

Rn-\-l Rn 7 


(5.6) 

(5.7) 
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1 dWn 1 r/ NT-. \ T-. 1 

J.J rs, r)[(^^ “1“ '^n)Rn\- 

J'' C'tO.iJ ^ 


Similarly the equations are given by 


d(t)n 
dti^R 
1 dVn 

N dti^R 

1 dWn 
Ndti^ 


R 


^n+l)Rn+l (^n—1 ^n)Rn\ . 

“1“ ^n-|-l)-Rn-|-l '^^n)Rn ) 

^ (^n "1" ^n-|-l)(^n “1“ ^n-|-l)-Rn-|-l ^(^n—1 ^n)(^n—1 Vji)Rn 


-^{R n+l-Rn+2 


-^n—1-^ri 


(5.8) 

(5.9) 

(5.10) 

(5.11) 


Making a Taylor expansion of Wn±i, Vn±i, Rn+i and Rn+ 2 ) we get the genus expanded flow 
equations. Up to genus two the primary flows read 
dur,. 


dto^R 

dv„. 


= Wt 


(5.12) 


dt 


0,R 


+ 


Un + 2<)e^ 


dWr, 


dt 


0,R 


24iV2 
//// 

A^4^360 

1 


7/ 7/ 

_/ ii I I /f. 7t I 


7u"^u 




ve^’^ + 


+ 


■Ut 


24iV2 


180 1440 1920 240' 

(4u" + 2uy^ + u'^Vn + 2M"u„)e’^ 


(5.13) 


+ 


iVHl20 360 


+ 


7/ 7? 

I I '^n'^n 

80 


V„U„ + VnU^U^ ^ IImA 


180 


720 


I u'Sn ^ ^ ^VnU^n ^ ^ ^ 


120 ' 240 ' 1440 ' 480 ' 1920 ' 720 7 “ J ’ 

where we have introduced Un = 4>'n- The ti^ij-flows are quite lengthy and we collect 
them in Appendix B. We think it is qnite non-trivial that the odd-power terms in N~^ 
disappear from the flow equations in accord with our identihcation of N~^ as the genus 
expansion parameter. This fact snpports onr prescription of genus expansion and choice 
of dymanical variables. 

Compntation of fn^g-flows is more complicated, since the flow eqnations involve the 
matrix elements an{i)- Identifying the sqnare of ( b.l|) with 0, we have to eliminate 
these variables. We present only the hnal results up to genus two; 
dUn 


dt 


= 


0,Q 


(5.15) 
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dVn 

9to,Q 

dWn 

dto,Q 


Wr, 


2 


12iV2 


-L , ffff 

- iw 

120iV4^ « 


//// , 


/ /// 

V 

n 


7v„ 


+ 


{u'n + 

/ /// _ /o h 

lu^u^ 


24iV2 




I n n I 


A^4^360 180 


1440 


+ 


M 


'4 


+ 




1920 240 


(5.16) 


(5.17) 


Note that dwn/dto^q = dvn/dto^R as it should be. The ti^g-flows are again collected in 
Appendix B. 

Finally let us look at the ti p-flow as an example of flow equations involving log Q^. 
In terms of the matrix element of log Q^, the flow equations are given by; 


2 (90n 

3 dt\ p 

2 dVn 
3N dti^p 


R 

1 “1“ V^t?n^n+1 “t“ ^n+2 


RrJ^n—\ Rfi+l^r^ 

72 


WfiCln ^nH-l*^n+l 


+ \/2{Vndn+l — Vn+ldn+ 2 ) + e„+2 — e„+3^ 


(5.18) 


2 dw„ 


+ ('M^n+l ~ "U^n) ( H- 


+ 


din+2 ( din 


1 T ^nCn T T 0)2-|_2^ 


( '^n-lCn-1 + V2Vn-lbn + Ctn+l^ 

^n+2 

71“ 


din ( dtn—1 
2 

Wn , ~ dn+2 \ 

-^n+1 ^ 2 ^77—1 ^n*^n+l “1“ y 


^n—1 


72 
72 


I --(t —_L . ~ . \ 

■Ttrj. I z ^n—2 T /— bn—1 Vn—\Ojn T I 


2 ' 72 ; 

where we have used the following notations for the matrix elements of log 


(5.19) 


(5.20) 


• (log Q ')n,m bn ■ (lo§ Q )n,n+l) ■ (log Q )n,n+2 

fn • (log Q )n,n+3) dn ■ (log Q )n,n— 1) • (log Q )n,n—2- (^'21) 


and omitted the counter terms proportional to (3 —log2)/3. We have used Vn for simplicity 
of the expressions. The computation of the matrix elements of log is rather technical 
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and given in Appendix C. Snbstitnting it and making a Taylor expansion, we get the 
ti^p-flow eqnations as follows; 



(5.23) 


(5.22) 


/ 


+ 6k" + , 


(5.24) 


where we have calcnlated np to genns one. As we show in Appendix A, the formula of one 
loop free energy by Dijkgraaf and Witten implies the flow equations at one loop level. In 
this section we have computed several lower flow equations up to genus two (genus one 
for fi,p) by making expansion of flow equations in matrix form. One loop order of our 
result enjoys a complete agreement with what is derived from the formula of one loop free 
energy. 

The existence and consistency of higher genus expansion seems to impose very severe 
restrictions on possible models of topological string theory [^. For example, the A 2 
minimal model and the CP^ model exhaust the two primary model with a consistent 
genus expansion. There are other topological matter theories, for instance, based on 
the Lie algebra B 2 = C 2 - However, this model does not have a consistent higher genus 
expansion beyond genus one. It is believed that the generalized KdV hierarchy controls 
the genus expansion of the minimal topological string theory of ADE type in the sense 
that the genus expansion of the free energy comes from a single tan function of the 
integrable hierarchy. In this paper we have found another series of topological strings 
with a well-defined genus expansion, starting from the topological CP^ model. The Toda 
lattice hierarchy plays the same role as the KP hierarchy for the minimal models. In 
this respect, to obtain more complete understanding of higher genus behavior, it is highly 
desirable to hnd a matrix model realization of the model, which will provide a closed 
expression of the genus expansion of the free energy. 
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Appendix A : One Loop Free Energy 


There is a formula of Dijkgraaf-Witten for the one-loop free energy of topological string 
mil. We can derive the flow euations at one loop level from the one-loop free enegy 


together with the tree level flow equations]^. To see it in general model, let Oa, O/ 3 , • • ■ 
be the primary helds and tn,a the flow parameter for an{Oa)- The flow equation for 
Ua = (POa) in full genus is assumed to be 

dUrv 


dt 


n,j3 


- 1 - p(l) I 
^a,l3,n ^a,l3,n W ' ‘ ' 


(A.l) 


where = Ra^i 3 ,n['^'y] is a potential at genus g. It is important to remember that the 

order parameter has to be expanded as 




= uW + + • ■ ■ 


(A. 2 ) 


What we need is the potential The sub-leading part of the full genus flow 

equation gives 




/3,n 


5R. 


(0) 




Now, in terms of the one-loop free energy; 


Fi = ^log det {PO^Op)o , 


we have 


= 




dfo,p5to,7 


(A.3) 


(A.4) 


(A.5) 


Hence we obtain the potential 


R 


( 1 ) 

a,l3,n 




d^Fi 




E 


6R. 


( 0 ) 

Q,/3,n 




6u^ dto^pdR. 


(A. 6 ) 


^We owe the material in this section to Y. Yamada. 
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The existence of the second term is crutial for obtaining the potential in a form of differ¬ 
ential polynomial in u^\ The first term gives a rational expression in general. We have 
computed one loop potentials for our model with three primaries using the above formula 
and found a complete agreement with the flow equations in section 5 (See also Appendix 

B). 

Appendix B : Flow Equations up to Genus Two 

tl^ij-flows 


Wn e " , // / / . " '9 X 

" + — + + ^U^Vn + 3u^Vn) 

g'ttn / ^ III till tu t ! 

+ 5760^4 + l2QVnU^ui + + 120M"'n^ + 120n^ 

+80vnuJ + + 60m„ -h 240M„M„n„ -h 240M„n„ -h 240M„n„ 

+ 180uy^^ 

gtiri util II 

+ U^Wn + 2m>„) 

c- / nn nn ^ > >>> ' 

+ 5760A4 1^8^^ +lQwnU^ +72u^w^ +82w^u^ + 

+88u^wl^ + A8u'^w'^ + 2AWnUn + ‘^^Wnu'nUn + I2u'^w'^ SWnU^ 


+56wyy^ 


WnVne^" + -e^“" 


(B.l) 


(B.2) 


+ + 4:Vnwl + AWnv'^ + WnVnU^ + 

+2vnw'^u^ + 2w„'i;^M^)e“" + 8 (m" + 

+ 576 q ^4 ((384^1,^ + 768m"2 + 256^7 + 1024m(^m"' + 1792uy^)e^^” 

+ [9Qu^w^v^ + + 72wnU^v^ + 72w^v^ + 72vnU^w^ + 72v^w^ 

+A8WnU^ -h ^8WnVn + A8VnW^ + 48n„M„ -h 32VnWnU^U^ 

+2AVnWnU^ + 36v^W^U^ + IGVnWnU^ + l2WnV^U^ 12VnW^U^ 
+56WnU^v'^U^ + hQVnUn^'nU'n + 88WnU^v'^ + 88VnU^w'^ 

+28vnWnUn^i + (B.3) 
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tl^Q-floWS 


= + VnWn - 


+ ^^((5Mn + + 4:Vnv'^ - 2v'^w^ + 2vlvl - 2Vr. 


1 (/ 'a try H //r) / /// ////. 

+ 5760^4 (^(5^n + + 48 m„ )e " 

// /o //o / /// / 'll > 

—+ 120wnW^ 


-120t;^C 


w„e“" + —- 

2 2 


(B.4) 


vf. 1 / / ” A ' ’ '‘?\ 1 


-Qvlv'^ + 2WnV^ + 2WnVnVn “ 2Wnw'^ + AVnv'^w'^ + 3v^w'^ - Sv^v'^ - 

+ 576q^ 4 ((63t^nMn + 72vlMif + sesvnu'y^ + 112v^m"' + 256v^m|,m" 
+184w„m„ + 88u^v^ + 232vnU^u^ + 56w„m„ + 28u^v^ + 32m„w„ + 48w„ )e 
+264w^^ + 2l8AvnVy^ - AbQv'yy^ + 1128w>^v"' + 816w>"2 
-48w„w„u„ + A8wnW^ - lAAwnV^^ - lAAvy^ + 144w;;t;„ - 368t;„ 
+112 m;„w„ - A88vnV^w^ + 104m;„ - A72vnV^w^ - l^2wnV^v^ 


/// / 

-l92VnV^ W^ 


= iwn + ^)e^ 


(B.5) 


6^^ /II 'o ' ' " ' ' '‘1 

+ + 6W^ + 2VnV^U^ + + WnU^ 

2 // II y C- /A "‘I A '' " A "" A "" 

+^'n«n + 2wnMn) + ~ 64m„'i;„v„ + A8vnV^ + 48m;„ 

+A8VnV^U^ + 32v^v^ + 32VnVn — 32v^ M„ + 32VnVnUn + 32w^u^ 

+32WnM„'U„ + + IQv^U^U^ + 16WnM„ + - 12v^u^ 


+ I2wy^ + 12vlu'^ + 28Vnv'yn + 68w"m^^ + 28Wnu'y^ + 
+3wnM„ + 128 m„w„ + hQw^u^u^ + hQvnV^u^u^ + 8v^u^ 

+ lAvluy^ + 24M;nM"2)] 




(B.6) 
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Appendix C : Matrix Elements of log 


To evaluate the matrix elements of log Q^, we use the following formula The {n, m) 
element is given by 

^ r d z 1 

{logQ‘^)n,ni = TT-f — z'^~'^\og{z^ + \/2zv{n +zd) + w{n +zd) +—j=z~^R{n + zd)) ■ I , 
2iTT% J z V 2 

(C.l) 




Taylor expansion gives 

OO 1 1 

Y(z) = Y,{z} + • (^ 3 )” • 1 . 


m=l 


ml 


V2 


where 


Yo{z) = Z^ + \/2zVn + Wn + -^Z ^Rn , 


and denotes the m-th derivative of /. Then log y{z) may be expanded as 

OO z_-I \m—l OO 


-1) 


iogY{z) = —[(u -1) + E dh"’(zS)T. 


m=l 


m 


n=l 


ni 


where 


= V2zvlZ^+ ^z-^RlZ^. 

Y2 

Let us organize the expansion by the number of the derivatives; 


(C.2) 


(C.3) 


(C.4) 


(C.5) 


log Y(z) — log Yq(z) + Ai + A 2 + A 3 + • • •, (C. 6 ) 

where A„ denotes the terms including n derivatives. We need the contributions up to A 3 
to obtain the one loop flow equations. The first order term, for example, is computed as 
follows. [(Fo ~ 1 ) + Yi^ZdY^ ■ 1 gives terms like 

(Fo - l)'”""F/^^^a(Fo - = (n - l)(Fo - l)'"""(Fo - , (C.7) 

where the dot means z{d/dz). Using the formulae 

±m(m + l)---(,m + k) = , (C.8) 

OO 1 

E(-1)"-'(K„-1)"-' = (C.9) 

n-1 ^0 

^We are grateful to S.-K. Yang for telling us a computation in the CP^ model. 


21 





we obtain 


oo /_ 1 Nm—1 m—1 

- J2iYo-ir-^Yl^^zdiYo-ir-^ 

1 oo J 

Zm=l “^0 

= (c.io) 


Similar computation gives 


Ao — 


4Yr 


2^1 ^0 + 


3Fn 


KYl 


+ f/'E/'Eo + (fE)'>o) 


4Fn 




( 1)\2 


y2 
0 


(C.ll) 


As 


1 ^^(3) 1 -^^(3) 1 -^(2} 

— iJ—V 

12 Y^ ^ 3 Fo^ ° ° ^ 6 Fo^ 



bi) 


d 


.IE_ 

6 Fq^ ^ dz 



1 F^^^ 

_il_v3 

4 Fo^ ° 


3 

8 Fo^ 



1 yI^'> d 
I'Yf^Tz 



3fEFo d 
4 Fo^ 



1 f/^^ d 



y'(l)YA(2) 

+2 + 




^dz 


Yi 



5 FE'(Fo)3 

2 


(C.12) 


Now, we can evaluate the matrix elements (log Q^)n,m- The residue integral picks up 
the coefficient of in a Laurent expansion of log F (z). We have to be careful about 
the point where the expansion is made. In accord with our prescription of dehning log L 
for the dispersionless Lax operator, we add two contributions, one from the origin and 
the other from the inhnity in an appropriate weight; 


(log Q^)n,m 



1 


(oo) 

n,m 


(C.13) 


With this prescription we obtain 


(log Q^)n,n 


1 

72 


(logQ )n,n+l 


_lncr—— -L ^ -I _ n _ -*• 

3 ^^2 3RnN ISRnJV^ ISR^N^ 
2Wn w'^Rn - 2WnR^n 
3Rn 3RIN 

+ 18 ^^ 3^2 - QWnRnK + 



4i?2iV3 


6w'^R'nRn) 


(C.14) 
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2 (lc)gQ )n,n+2 


(logQ ) n,n+3 


1 

71 


{\0gQ'^)n,n-l 


—2AWnRn + — AR^WnR'n 


36i?4iV3 L 

- 15RIrIwI - IIRIrIw 

2 


(C.15) 


w 


2vji 

'mn ~ ^ 

1 

^ 18i?4iV2 

-GWnw'^Rl - ITVnRlRn ~ Rn + C-^n ~ 

^ + 36v^R'^RI + SORIr'^w'^ + 156vnRlR'r,Rn 


pji‘^'^nWj^Rn -\- ^VnRnRn RnPn 3w„-R„) 
+ SGWnw'^R'^Rn 


SQR^N^ 

+96wnw'j^R'^R^ + 72wnw'^R!^R‘^ + — 29w^i?”i?^ 

.3 


// / •» f ff n Q /// Iff n fo 

ISv^R^R'^ - 17w^W^Rl - 2AVnRnRn ~ - 108w„i?„i?„ 


- 23AwlRnR'nR'n 

2 RVnWn ^wl 

SRr, 3Rl ^ 9i?? 


(C.16) 


( —2i?^i?^ — 2v'^WnRn ~ ^^nPnRn 


3RiN 

+ Swlw'^Rn + SVnWnRnR'n) 

1 


9R^N^ 


lAv'^w'^Rl - - Qv'lwnRn - l7w'!^VnRn + 28i?^K 


.2 p '2 

n-^n 


+ASWnv'nR^^R^ + 76Vnw'^R!nRl + 2AWnw'^R^ + GOVnWnRnR'n + Ibw^w'^R^ 
—23w^RnRn ~ 793w^w^R^Rn — IbGiVnWnRnRn + 799w^R^ 

+ 18fi6iV3 + 960v„w„i?„i?^3 + 9mwlw^li^Rn 

+660wl^RnRnRn ~ + 112w„t(;n-R„-R„ + 18w„w„ 

—— 516wnW^i?^^-R^ — 288wnw'^ R'^R^ 

-996vnWnRlR'nK - 342M;>|^i?"i?2 _ 270w>"i?^i?2 _ 48M;3i?2^"' 

+ ^8w'^Rl + ^77RlR'nK + l56wnV^R!^Rl 


n n 

^Jf _/ 


+232vnW^R^R^^ + 84w„v„i?„i?^ + 184u„w„i?„/?^ + 108wnW„w„i? 
—19w;„w„it„ + 31u„w„it„ — 3<6R^R^ — Av^ WnRn — ‘^Aw^ VnRn 


+ 


3N 9iV2 


(C.17) 

(C.18) 
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(log Q)n,n-2 


^ ^ ^ , 4w(( - llVnV'n - 12^^n 

3 3 3N N 18A^2 

„ 'll 

, 8 VnV^ 

H- V V H-. 

3iV3 6JV3 


(C.19) 
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